We analyze the impact of the data on long-baseline disappearance from the K2K experiment and reactor e disappearance from the KamLAND experiment on the determination of the leptonic three-generation mixing parameters. Performing an up-to-date global analysis of solar, atmospheric, reactor, and long-baseline neutrino data in the context of three-neutrino oscillations, we determine the presently allowed ranges of masses and mixing and we consistently derive the allowed magnitude of the elements of the leptonic mixing matrix. We also quantify the maximum allowed contribution of ⌬m 21 2 oscillations to CP-odd and CP-even observables at future long-baseline experiments.
I. INTRODUCTION
Neutrino oscillations are entering a new era in which the observations from underground experiments obtained with neutrino beams provided to us by nature-either from the Sun or from the interactions of cosmic rays in the upper atmosphere-are being confirmed by experiments using ''manmade'' neutrinos from accelerators and nuclear reactors.
Super-Kamiokande ͑SK͒ high statistics data ͓1,2͔ clearly established that the observed deficit in the -like atmospheric events is due to neutrinos arriving in the detector at large zenith angles, strongly suggestive of the oscillation hypothesis. This evidence was also confirmed by other atmospheric experiments such as MACRO ͓3͔ and Soudan 2 ͓4͔. Similarly, the SNO results ͓5͔ in combination with the SK data on the zenith angle dependence and recoil energy spectrum of solar neutrinos ͓6͔ and the Homestake ͓7͔, SAGE ͓8͔, GALLEXϩGNO ͓9,10͔, and Kamiokande ͓11͔ experiments put on a firm observational basis the long-standing problem of solar neutrinos ͓12͔, establishing the need for e conversions.
The KEK to Kamioka long-baseline neutrino oscillation experiment ͑K2K͒ uses an accelerator-produced neutrino beam mostly consisting of with a mean energy of 1.3
GeV and a neutrino flight distance of 250 km to probe the same oscillations that were explored with atmospheric neutrinos. Their results ͓13͔ show that both the number of observed neutrino events and the observed energy spectrum are consistent with neutrino oscillations with oscillation parameters consistent with the ones suggested by atmospheric neutrinos.
The KamLAND experiment measures the flux of e 's from nuclear reactors with an energy of ϳMeV located at a typical distance of ϳ180 km with the aim of exploring with a terrestrial beam the region of neutrino parameters that is relevant for the oscillation interpretation of the solar data. Their first published ͓14͔ results show that both the total number of events and their energy spectrum can be better interpreted in terms of e oscillations with parameters consistent with the large merging angle ͑LMA͒ solar neutrino solution ͓14 -17͔.
Altogether, the data from solar and atmospheric neutrino experiments and the first results from KamLAND and K2K constitute the only solid present-day evidence for physics beyond the standard model ͓18͔. The minimum joint description of these data requires neutrino mixing among all three known neutrinos and it determines the structure of the lepton mixing matrix ͓19͔, which can be parametrized as ͓20͔ Uϭ ͩ c 13 c 12 s 12 c 13 s 13 e where c i j ϵcos ij and s i j ϵsin ij . In addition to the Diractype phase ␦ analogous to that of the quark sector, there are two physical phases associated with the Majorana character of neutrinos, which, however, are not relevant for neutrino oscillations ͓21͔ and will be set to zero in what follows. In this paper we present the result of a global analysis of solar, atmospheric, reactor, and long-baseline neutrino data in the context of three-neutrino oscillations with the aim of determining in a consistent way our present knowledge of the leptonic mixing matrix and the neutrino mass differences. We place particular emphasis on the impact of the first data from long-baseline disappearance from the K2K experiment and reactor e disappearance from the KamLAND experiment.
The outline of the paper is as follows. In Sec. II we describe the data included in the analysis and briefly describe the relevant formalism. Section III A contains the results of the analysis of the K2K data and their effect on the determination of the parameters associated with atmospheric oscillations. We find that the main impact of K2K when combined with atmospheric neutrino data is to reduce the allowed range of the corresponding mass difference. When combined with the data from the CHOOZ ͓22͔ experiment in a threeneutrino analysis, this results in a slight tightening of the derived bound on 13 at high C.L. In Sec. III B we describe the results from the global analysis including also solar and KamLAND data, and in Sec. III C we describe our procedure to consistently derive the allowed magnitude of the elements of the leptonic mixing matrix. As an outcome of this analysis we also quantify the maximum allowed contribution of ⌬m 21 2 oscillations to CP-odd and CP-even observables at future long-baseline experiments in Sec. III D. Conclusions are given in Sec. IV. We also present an Appendix with the details of our analysis of the K2K data.
II. DATA INPUTS AND FORMALISM
We include in our statistical analysis the data from solar, atmospheric, and K2K accelerator neutrinos and from the CHOOZ and KamLAND reactor antineutrinos.
In the analysis of K2K we include the data on the normalization and shape of the spectrum of single-ring -like events as a function of the reconstructed neutrino energy. The total sample corresponds to 29 events. In the absence of oscillations, 44 events were expected. We bin the data in five 0.5 GeV bins with 0ϽE rec Ͻ2.5 plus one bin containing all events above 2.5 GeV. For quasielastic ͑QE͒ events the reconstructed neutrino energy is well distributed around the true neutrino energy. However, experimental energy and angular resolution and more importantly the contamination from non-QE events result in important deviations of the reconstructed neutrino energy from the true neutrino energy, which we carefully account for. We include the systematic uncertainties associated with the determination of the neutrino energy spectrum in the near detector, the model dependence of the amount of non-QE contamination, the near/far extrapolation, and the overall flux normalization. Details of this analysis are presented in the Appendix.
For atmospheric neutrinos we include in our analysis all the contained events from the latest 1489 SK data set ͓1͔, as well as the upward-going neutrino-induced muon fluxes from both SK and the MACRO detector ͓3͔. This amounts to a total of 65 data points. A more technical description of our simulations and statistical analysis can be found in Refs.
͓23,24͔.
We refine our previous analysis ͓24,25͔ of the CHOOZ reactor data ͓22͔ and include here their energy binned data instead of their total rate only. This corresponds to 14 data points ͑seven-bin positron spectra from both reactors, Table 4 in Ref. ͓22͔͒ with one constrained normalization parameter and including all the systematic uncertainties there described.
For the solar neutrino analysis, we use 80 data points. We include the two measured radiochemical rates, from the chlorine ͓7͔ and the gallium ͓8-10͔ experiments, the 44 zenithspectral energy bins of the electron neutrino scattering signal measured by the SK Collaboration ͓6͔, and the 34 day-night spectral energy bins measured with the SNO ͓5͔ detector. We take account of the BP00 ͓26͔ predicted fluxes and uncertainties for all solar neutrino sources except for 8 B neutrinos. We treat the total 8 B solar neutrino flux as a free parameter to be determined by experiment and to be compared with solar model predictions. For KamLAND we include information on the observed antineutrino spectrum which accounts for a total of 13 data points. Details of our calculations and statistical treatment of solar and KamLAND data can be found in Refs. ͓15,16͔.
In general, the parameter set relevant for the joint study of these neutrino data in the framework of three-mixing is six dimensional: two mass differences, three mixing angles, and one CP phase.
Results from the analysis of solar plus KamLAND and atmospheric data in the framework of oscillations between two neutrino states ͓15-17,23,27͔ imply that the required mass differences satisfy
In this approximation, the angles i j in Eq. ͑1͒ can be taken without loss of generality to lie in the first quadrant, i j ͓0,/2͔. For atmospheric neutrinos in the general case of the threeneutrino scenario with 13 0, the presence of the matter potentials becomes relevant. We solve numerically the evolution equations in order to obtain the oscillation probabilities for both e and flavors, which are different for neutrinos and antineutrinos. Because of the matter effects, they also depend on the mass ordering being normal or inverted. In our calculations, we use for the matter density profile of the Earth the approximate analytic parametrization given in Ref. ͓28͔ of the PREM ͑preliminary reference Earth model͒ of the Earth ͓29͔.
The reactor neutrino data from CHOOZ provide information on the survival probability ͓24,30,31͔:
͑7͒
The second equality holds in the approximation ⌬m 21 2 ӶE /L, which can be safely made for the presently allowed values of ⌬m 21 2 ͓16,17͔. Thus the analysis of the CHOOZ reactor data involves only two parameters: ⌬m 32 2 and the mixing angle 13 .
In summary, oscillations in solarϩKamLAND data on one side, and atmosphericϩK2K oscillations on the other side, decouple in the limit 13 ϭ0. In this case the values of the allowed parameters can be obtained directly from the results of the analysis in terms of two-neutrino oscillations, and the normal and inverted hierarchies are equivalent. Deviations from the two-neutrino scenario are determined by the size of the mixing 13 .
The allowed ranges of masses and mixing obtained in our two-neutrino oscillation analysis of solarϩKamLAND data can be found in Ref. ͓16͔, and we do not reproduce them here. We discuss next the results of our analysis of K2K data and its impact on the determination of the parameters relevant in atmospheric oscillations.
III. RESULTS

A. ⌬m 32 2 oscillations: Impact of K2K data
For the sake of comparison with the K2K oscillation analysis, we discuss first the results of our analysis of K2K data for pure → oscillations, which are graphically displayed in Fig. 1 .
We show in the left panel of Fig. 1 (2)ϭ1]. We notice that the nonmaximality of the mixing angle in our analysis is not statistically significant as maximal mixing occurs only at ⌬ 2 ϭ0.15. The energy spectrum for this point is shown in the right panel together with the data points and the expectations in the absence of oscillations. Our results show very good agreement with those obtained by the K2K Collaboration ͓13͔. Also displayed in the figure are the corresponding regions from our latest atmospheric neutrino analysis ͓25͔. As seen in the figure, the K2K results confirm the presence of neutrino oscillations with oscillation parameters consistent with the ones obtained from atmospheric neutrino studies. Furthermore, already at this first stage, the results provide a restriction on the allowed range of ⌬m 2 , while their dependence on the mixing angle is considerably weaker.
In the framework of 3 mixing, the analysis of K2K, atmospheric, and CHOOZ data provides information on the parameters ⌬m 31 2 , 23 , and 13 . We define In the three panels of Fig. 2 we show the bounds on each of the three parameters obtained from this analysis ͑full lines͒. For comparison we also show the corresponding ranges for the analysis of atmospheric and CHOOZ data alone ͑dotted lines͒. The corresponding subtracted minima are given in Table I . The results in the figure are shown for the normal mass ordering, but once the constraint on 13 from CHOOZ is included in the analysis, the differences between the results for normal and inverted mass ordering are minimal. The careful reader may notice that the 2 per DOF seems too good. As seen in Table I this effect is driven by the atmospheric data and it was already the case for the previous SK data sample. It is partly due to the very good agreement of the multi-GeV electron distributions with their no-oscillation expectations. However, as discussed in Ref. ͓32͔, min 2 is only 2 below its characteristic value, not low enough to be statistically suspected.
In each panel the displayed 2 has been marginalized with respect to the other two parameters. From the figure we see that the inclusion of K2K data in the analysis results in a reduction of the allowed range of ⌬m 32 2 while the allowed range of 23 is not modified. The reduction is more significant for the upper bound of ⌬m 32 2 while the lower bound is slightly increased. More quantitatively, we find that the following ranges of parameters are allowed at 1 (3) C.L. from this analysis:
These ranges are consistent with the results from the twoneutrino oscillation analysis of K2K and atmospheric data in Ref.
͓32͔.
Concerning the ''generic'' 3 mixing parameter 13 , Eq. ͑6͒ shows that its effect on both the normalization and the shape of the spectrum is further suppressed near maximal mixing by cos 2 23 ϳ0. As a consequence, K2K alone does not provide any bound on 13 . However, Fig. 2͑c͒ illustrates how the inclusion of the long-baseline data results in a tightening of the bound on 13 ͑at large C.L.͒ when combined with the atmospheric and CHOOZ data. This is an indirect effect due to the increase in the lower bound on ⌬m 32 2 . In the favored range of ⌬m 32 2 , the oscillating phase at CHOOZ is small enough so that it can be expanded and the oscillation probability of e depends quadratically on ⌬m 32 2 . As a consequence the bound on the mixing angle from CHOOZ is a very sensitive function of the allowed values for ⌬m 32 2 . The increase of the lower bound on ⌬m 32 2 due to the inclusion of the K2K data leads to the tightening of the derived limit on 13 at high C.L. From Fig. 2͑c͒ and Table I we also see that the best fit point is not exactly at sin 2 13 ϭ0, although this is not very statistically significant. This effect is due to the atmospheric neutrino data, in particular, to the slight excess of sub-GeV e-like events, which is better described with a nonvanishing value of 13 . for the analysis of atmospheric, CHOOZ, and K2K data ͑full line͒ compared to the previous bound before the inclusion of K2K ͑dotted line͒. The individual 1 (3) bounds in Eq. ͑9͒ can be read from the figure with the condition ⌬ 2 р1(9). in Fig. 3 and Fig. 4 in which we show different projections of the allowed five-dimensional parameter space.
B. Global analysis
In Fig. 3 we plot the individual bounds on each of the five parameters derived from the global analysis ͑full line͒. To illustrate the impact of the K2K and KamLAND data we also show the corresponding bounds when K2K is not included in the analysis ͑dotted line͒ and when KamLAND is not included ͑dashed line͒. In each panel the displayed 2 has been marginalized with respect to the other four parameters. The subtracted minima for each of the curves are given in Table  II . Figure 3 illustrates that the dominant effects of including KamLAND are those derived in the two-neutrino oscillation analysis of solar and KamLAND data ͓16,17͔: the determination that ⌬m 21 2 ͑a͒ is in the LMA region and a very mild improvement of the allowed mixing angle 12 ͑b͒. In other words, the inclusion of the 3 mixing structure in the analysis of solar and KamLAND data does not affect the determination of these parameters once the additional angle 13 is 2 on each of the five parameters from the global analysis ͑full line͒ compared to the bound prior to the inclusion of the K2K ͑dotted line͒ and KamLAND data ͑dashed line͒. The individual 1 (3) bounds in Eqs. ͑9͒, ͑11͒, and ͑12͒ can be read from the corresponding panel with the condition ⌬ 2 р1(9).
FIG. 4. Global 3 oscillation analysis.
Each panel shows twodimensional projection of the allowed five-dimensional region after marginalization with respect to the three undisplayed parameters. The different contours correspond to the two-dimensional allowed regions at 90%, 95%, 99%, and 3 C.L.
bounded to be small. The slight tightening of the 13 limit due to the inclusion of K2K data does not have any impact in the determination of the bounds on ⌬m 21 2 and 12 . Quantitatively, we find that the following ranges of parameters are allowed at 1 (3) C.L. from this analysis: The range of ⌬m 21 2 on the right of the first line in Eq. ͑11͒ correspond to solutions in the upper LMA island ͓see Fig.  4͑a͔͒ . At present the results of the solar and KamLAND analysis still allow for this ambiguity in the determination of ⌬m 21 2 at C.L.տ2.5. This reflects the departure from the parabolic ͑Gaussian͒ behavior of the ⌬m 21 2 dependence of global and the presence of a second local minimum. With improved statistics KamLAND will be able to resolve this ambiguity ͓17,33͔.
Comparing the full line on the 13 panel in Fig. 3͑c͒ with the corresponding one in Fig. 2͑c͒ , we see that the inclusion of the solarϩKamLAND data does have an impact on the allowed range of 13 . However, a comparison of the full and dashed lines in Fig. 3͑c͒ illustrates that the impact is due to the solar data. Equation ͑5͒ shows that a small 13 does not significantly affect the shape of the measured spectrum at KamLAND. On the other hand, the overall normalization is scaled by cos 4 13 , and this factor has the potential to introduce a non-negligible effect ͑in particular in the determination of the mixing angle 12 ͓34͔͒. Within its present accuracy, however, the KamLAND experiment cannot provide any further significant constraint on 13 . Altogether, the derived bounds on 13 from the global analysis are sin 2 13 Ͻ0.02͑0.052͒ ͑12͒ at 1 (3). Finally, comparing Fig. 3͑d͒ and Fig. 3͑e͒ with the corresponding curves in Fig. 2͑a͒ and Fig. 2͑b͒ , we see that the additional restriction on the possible range of 13 imposed by the solar data does not quantitatively affect the dominant effect of the inclusion of K2K-the improved determination of ⌬m 32 2 . Thus the allowed ranges of ⌬m 32 2 and 23 in Eq. ͑9͒ are valid for the global analysis as well.
The ranges in Eqs. ͑9͒, ͑11͒, and ͑12͒ are not independent. In Fig. 4 as a reflection of the CHOOZ bound. In general, because of the correlations, the ranges in Eqs. ͑9͒, ͑11͒, and ͑12͒ cannot be directly used in deriving the corresponding entries in the U mixing matrix, as we discuss next.
C. Determination of the leptonic mixing matrix
We describe in this section our procedure to consistently derive the allowed ranges for the magnitude of the entries of the leptonic mixing matrix. We start by defining the massmarginalized 2 function: ϭ136. This is equivalent to having done the full analysis in terms of the independent matrix elements-of which, in the hierarchical approximation, only three are experimentally accessible at present ͑and can be chosen, for instance, to be ͉U e2 ͉, ͉U e3 ͉, and ͉U 3 ͉)-and find the allowed magnitude of each ͉U i j ͉ by marginalization of
with the use of unitarity relations and allowing a free relative phase ␦.
With this procedure we derive the following 90% (3) C.L. limits on the magnitude of the elements of the complete matrix: ͪ . ͑16͒
By construction the derived limits in Eq. ͑16͒ are obtained under the assumption of the matrix U being unitary. In other words, the ranges in the different entries of the matrix are correlated due to the fact that, in general, the result of a given experiment restricts a combination of several entries of the matrix, as well as due to the constraints imposed by unitarity. As a consequence, choosing a specific value for one element further restricts the range of the others.
D. ⌬m 21 2 oscillations at future long-baseline experiments
In general, correlations between the allowed ranges of the parameters have to be considered when deriving the present bounds for any quantity involving two or more parameters. This is the case, for example, when predicting the allowed range of CP violation at future experiments as discussed in Ref.
͓35͔.
Here we explore the possible size of effects associated with ⌬m 21 2 oscillations ͑both CP violating and CP conserving͒ at future long-baseline experiments to be performed either with conventional superbeams ͓36͔ ͑''conventional'' meaning from the decay of pions generated from a proton beam dump͒ or at a neutrino factory ͓37͔ with neutrino beams from muon decay in muon storage rings.
The ''golden'' channel at these facilities involves the observation of either ''wrong-sign'' muons due to e → ͑or e → ) oscillations at a neutrino factory or the detection of electrons ͑positrons͒ due to → e ( → e ) at conventional superbeams. In either case, the relevant oscillation probabilities in vacuum are accurately given by ͓38,39͔ P e ϭs 23 2 sin 2 2 13 sin
with J ϭc 13 sin 2 12 sin 2 13 sin 2 23 . P sol contains the contribution to the probability due to longer-wavelength oscillations while P inter gives the interference between the longerand shorter-wavelength oscillations and contains the information on the CP-violating phase ␦. In order to quantify the present bounds on these contributions, we factorize the baseline and energy independent parts as For very long baselines, for which the presence of matter cannot be neglected, the expressions above for F sol and F inter still hold as the coefficients of the dominant contributions to the probabilities in the expansion in the small parameters 13 and ⌬m 21 2 ͓38,39͔. We show in Fig. 5 the present bounds on the coefficients F sol and F inter . In general, the dependence on ⌬m 32 2 of the interference term cannot be factorized because, depending on the considered baseline and energy, the oscillating phase with ⌬m 32 2 may not be small enough to be expanded. For this reason we show in Fig. 5͑b͒ the two-dimensional allowed region of F inter versus ⌬m 32 2 . In the figure we mark with a star the best value for F inter as obtained from this analysis, which is not vanishing due to the small but nonzero best fit value of sin 13 . This is, however, not statistically significant as F inter ϭ0 is at ⌬ 2 ϭ0.9. The negative slope in the upper part of the 90% and 95% C.L. regions in Fig. 5͑b͒ is a reflection of the anticorrelation between the ⌬m 32 2 and sin 2 13 constraints from the CHOOZ experiment ͓see Fig. 4͑f͔͒ .
From this study we find the following 1 (3) ͑one DOF͒ bounds:
Ϫ5 eV 2 ͒ϭ4.6Ϯ0.6 ͑ 4.6 Ϫ1.6 ϩ2.1 and 9.5 Ϫ2.0 ϩ3.5 ͒,
where the bounds on F inter are shown for the best fit value of ⌬m 32 2 ϭ0.0026 eV 2 . The larger values for the 3 range in Eq. ͑19͒ and F inter correspond to solutions of the solar ϩKamLAND analysis lying in the higher-⌬m 21 2 island ͓see Fig. 4͑a͒ and the discussion below Eq. ͑11͔͒.
IV. SUMMARY AND CONCLUSIONS
We have presented the results of an updated global analysis of solar, atmospheric, reactor, and long-baseline neutrino data in the context of three-neutrino oscillations, placing special emphasis on the impact of the recent long-baseline disappearance data from the K2K experiment and reactor e disappearance from the KamLAND experiment. We find that the dominant effect of the inclusion of the K2K and Kam-LAND data is the reduction of the allowed ranges of ⌬m 32 2 and ⌬m 21 2 , respectively, while the impact on the mixing angles 23 and 12 is marginal. The increase of the lower bound on ⌬m 32 2 due to the inclusion of the K2K data leads also to a slight tightening of the derived limit on 13 at high C.L. Our results on the individual allowed ranges for the oscillation parameters are given in Eqs. ͑9͒, ͑11͒, and ͑12͒ and graphically displayed in Fig. 3 . The correlations between the derived bounds are illustrated in Fig. 4 . As an outcome of the analysis, we have presented in Eq. ͑16͒ our up-to-date best determination of the magnitude of the elements of the complete leptonic mixing matrix. Finally, we have quantified the allowed contribution of ⌬m 21 2 oscillations to CP-odd and CP-even observables at future long-baseline experiments with results presented in Fig. 5 and Eqs. ͑19͒ and ͑20͒.
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APPENDIX: ANALYSIS OF K2K DATA
In this appendix we describe our calculation of the K2K spectrum and our statistical analysis of the K2K data ͓13͔.
We use in our statistical analysis the K2K data on the spectrum of single-ring -like events. K2K present their results as the number of observed events as a function of the reconstructed neutrino energy. The reconstructed neutrino energy is determined from the observed energy in the event, E , and its scattering angle with respect to the incoming beam direction, cos , as
where m N is the nucleon mass. In Fig. 1 we show their data binned in five 0.5 GeV bins with 0ϽE rec Ͻ2.5 plus one bin containing all events above 2.5 GeV. The total sample corresponds to 29 events. In the absence of oscillations, 44 events were expected. For QE events, n→p , and assuming perfect E and cos determination, E rec ϭE . Experimental energy and angular resolution, nuclear effects, and, more importantly, the contamination from non-QE ͑NQE͒ events, N→X, in the sample, result in important deviations of the defined E rec from the real E . From simple kinematics one finds that in NQE events there is a shift in the reconstructed neutrino energy with respect to the true neutrino energy:
where M X is the invariant mass of the hadronic system produced together with the muon in the interaction. At the K2K energies the most important NQE contamination comes from single pion production, which occurs via the ⌬ resonance. At the largest energies there is a small contribution from deep inelastic scattering. Thus in general the observed spectrum of single-ring -like events in K2K can be obtained as ͓40͔
͑A3͒
where ⌽ SK (E ) is the expected spectrum at the SK site in the absence of oscillations. P (E ) is the survival probability of for a given set of oscillation parameters. f NQE ϭ0.93 is the rescaling factor of the expected contamination from NQE events as obtained from MC simulation by the K2K Collaboration ͓13͔. QE(NQE) (E ) are the neutrino interaction cross sections. ⑀ QE(NQE)
1R
are the detection efficiencies for one-ring -like events at SK. r QE(NQE) (E ,E rec ) are the functions relating the reconstructed energy and the true neutrino energy. N norm is the normalization factor, which is chosen so that in the absence of oscillations the total integral gives 44 events.
In our calculation we use the neutrino spectrum ⌽ SK as provided by the K2K Collaboration ͓40,41͔. This flux was estimated from the flux measured in the near detector by multiplying it by a MC simulated ratio of the fluxes between the near and far detectors. We further assume that the detection efficiencies for one-ring -like events at SK are the same for the K2K analysis as for the atmospheric neutrino analysis ͑further details and references can be found in Ref.
͓23͔͒.
At present there is not enough information from the K2K Collaboration on the r QE(NQE) (E ,E rec ) functions. In our calculation we have used a physically motivated form for those functions. We include in the functions r QE(NQE) (E ,E rec ) the dominant effect in the misreconstruction of the neutrino en-ergy: the shift in the reconstructed neutrino energy due to the different kinematics of the NQE events as described by Eq. ͑A2͒. We also include the ͑subdominant͒ effects due to the experimental energy and angular resolutions, which smear the measured muon energy E and angle around their true values E Ј and Ј :
where
Following the SK data ͓2͔ we use an energy resolution for the muons of E /E ϭ3% and an angular resolution ϭ3°͑see also Ref. ͓42͔ for further details͒. Notice that in the expressions above the true angle of the muon, Ј , is not an independent variable but is related by the kinematics of the process to the initial neutrino energy E , the final muon energy E Ј , and the invariant mass of the hadronic system, M X . The final result for the number of expected events in each E res bin is obtained by substituting Eqs. ͑A4͒ and ͑A5͒ into Eq. ͑A3͒ and numerically integrating for the kinematical variables in the corresponding range of E res . In this procedure the only free parameter to adjust is the overall normalization. The shape of the spectrum is then fully determined. In order to verify the quality of our simulation we compare our predictions for the energy distribution of the events with the Monte Carlo simulations of the K2K Collaboration in absence of oscillation. In Fig. 1 we show our predictions superimposed on those from the experimental Monte Carlo calculations ͑obtained from Fig. 2 in Ref. ͓13͔͒, both normalized to the 44 expected events in the absence of oscillations. The boxes for the MC prediction represent the systematic error bands. We can see that the agreement in the shape of the spectrum is very good.
In our statistical analysis of the K2K data we use Poisson statistics as required given the small number of events. We include the systematic uncertainties associated with the determination of the neutrino energy spectrum in the near detector ͑ND͒, the model dependence of the size of the NQE contamination parameter f NQE , the near/far extrapolation ͑F/ N͒, and the overall flux normalization ͑nor͒ ͓40,41͔. The errors on the first three items depend on energy and have correlations among the different energy bins. We account for all these effects by using the 2 function ͓32,40,41͔: for iϭ1, . . . ,6, respectively. Thus in our analysis we use both the shape and the normalization of the 29 single-ring -like events. In their analysis, the K2K Collaboration use only the spectrum shape ͑but not the normalization͒ of the 29 single-ring -like events plus the overall normalization of their total sample of fully contained events ͑a total of 56͒. We cannot use the normalization from the additional 27 events in the lack of more detailed information from the K2K Collaboration on the efficiencies for multiring events. Nevertheless, as described in Sec. III A, the results of our oscillation analysis are in good agreement with those from the K2K analysis.
